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Abstract

This work, deal a brief introduction of multidimensional (M —) Fourier transform and its generalization. So,
we give the definition of such transformation and we establish their properties enriched by several illustrative
examples. Additionally, we give the intrinsic properties of the generalized version as: M —windowed, M —fractional,

M —linear canonical transform , and M —quadratic-phase Fourier transforms.

Some Keywords: Multidimensional Fourier transforms, Windowed Fourier transform, Fractional Fourier transform,

Linear canonical transform, Quadratic-phase Fourier transform.

1 Introduction

The harmonic analysis plays a central role in applied mathematics, engineering and signal processing. Its main
objective is certainly the frequency domain analysis and/or the spectral analysis which resides in the signal instead
of the time-domain approach. The last approach depends on the choice of the relationship equipped with the space.
In contrast, the frequency-domain allows us to implement some algorithms for estimating, modeling and forecasting
the signal independently on such an order chosen (partial or total) on the space. One, among others, concerns
the harmonic analysis is the Fourier transform (FT for short) which is used widely in various areas, it becomes a
powerful tool for analyzing linear, no-linear, stationary and non-stationary real data including volatility analysis,
financial mathematics and image processing and so on. Particularly, in time series analysis, it helps us to identify
some dataset encountered in practice. The fundamental limitation of the unidimensional FT is that, in practice,
certain signals are strongly depends on several indexes for instance spatio-temporal, spacial econometrics data, etc...
Thus the resort to multidimensional Fourier transform (M FT) is however inevitable. However, the M F'T have know
some limit or little uses because all properties of the signal are global in scope. Information about local features of
the signal becomes a global property of the signal in frequency domain. To remedy these drawbacks of M FT, we
introduce its generalization that includes short-time M FT (S — M FT) by performing the M FT on a block-by-block
basis rather than to process the entire signal at once (see Bahat (2023) for more details). Moreover, different novel
generalizations of the classical M F'T came into existence via.: the fractional M FT (F — M FT), the linear canonical
MFT (L — MFT), the quadratic-phase MFT (QQ — MFT), and so on. As a generalization of classical M FT, the
F—MFT, L—MFT and the Q — M FT gained its ground intermittently and profoundly influenced several branches
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of science and engineering including signal and image processing, quantum mechanics, neural networks, differential
equations, optics, pattern recognition, radar, sonar, and communication systems.

The rest of the paper is organized as follow. In Section 2, we introduced the definition of the multidimensional
Fourier transform and some basic results from a mathematical point of view. Section 3, 4 and 5 respectively, studied
the multidimensional windowed Fourier transform, multidimensional fractional Fourier transform and multidimen-
sional linear canonical transform and its properties respectively. Finally, we introduced the notion of multidimensional

quadratic-phase Fourier transform. Section 7 concludes the article and we end with a summary table.

2 Multidimensional Fourier transform

In the sequel, if a = (ai,...,a,) and b = (by,...,b,) two vectors in R, we shall note (a,b) = ab= > a;b;,
i=1
2= (‘;—i, ey ‘;—:) if by,...,b, # 0, a < b means that a; < b;,i =1, ...n.

Definition 1 The multidimensional Fourier transform of any multidimensional signal z(t) € L? (R™) is defined and

denoted for all  €R™ as

Fle@](© =)= (g [ e (2.)

and corresponding inversion formula is given by

FUFRNO) () = ﬁ JICAUCIGES (22)

z(t) = —1 ety
©= (7 < TO&

Example 2.1 The most commonly used ones in image processing are the rect function in two dimensions:

1 if |2] <0.5 and |y| <0.5;

0 otherwise.

rect (x,y) = {

The 2D Fourier transform

1 +oo +oo (s ty) 1 +0.5 ,+0.5 (wotv.y)
~ - - t —1(u.xT+v.y d d — —i(u.z+v.y d d
z (u,v) ) /_oo /_OO rect (z,y)e =50 /_05 s zdy

+0.5 +0.5 . .
_ 1 / e_i(f”'“)dz:/ e_i(”'y)dy _ sinwy sinwy
2m) Joos —0.5 u v

= sin ¢(u). sin ¢(v)

where sin ¢ (.) is the sinus cardinal function. (Note that the rect (x,y) is separable, the resulting 2-D Fourier transform

is the product of the corresponding 1 — D Fourier transforms).
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Example 2.2 Two-dimensional Fourier transform of some functions is given in the following tables

X (tl,tg) ‘F[‘T (tlth)] (C17<2)

redt (t1,t2) Sin(gfl) Sinﬁgfz)

d.rect (aty,bty) fb sin ¢ (Cl) sin ¢ (<2>

exp{—#} 2mexp {277 (T +¢3) }
. 2 2 1 1

exp{ 27r\/t1+t2} 2 (rra)

cos (m (13 +t3)) sin (7 (¢ +G3))

exp {ir (2 +13)} | iexp{—in (Z+3)}

8 (t1,t2) !

The multidimensional Fourier transform has properties that are completely analogous to the familiar properties

of the 1D Fourier transform as shown in the following
Theorem 2.1 (Linearity) Let xz(t) and y(t) in L? (R™), then
F[Ax(t) + By(t)] (() = AF [z(t)] (C) + BF [y(t)] (€) -

Proof. Let s(t) = Az(t) + By(t), then

Fls()] (¢ [ eets

et (Az(t) + By(t)) dt

(\/21_@” /n e‘ic'ty(t)dt]

R’n

1 e—iCty,
e / ) (t)dt
= AF [2(t)] (O) + BF [y(t)] (€) -

|
b

+B

Theorem 2.2 (Translation) The multidimensional Fourier transform of any function z(t — k) is given by
Fla(t k)] () = e ™ Flx(t)] () -

Proof. From Definition (1), we have

Flz(t — k)] (¢) = Vo /Rne—i“ (t — k) dt
_ 1 oG- (utk) wu=t—
e /R n () du,u =t — k
= ! e kemiCugy (1) du
o /| (w)d
= ! _’C‘k/ e~ uy (u) du
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Theorem 2.3 (Modulation) The multidimensional Fourier transform of any function e~ z(t) is given by

F e tx(t)] (O) = F [2(6)] (¢ — (o) -

Proof. From Definition, we have

F [eigo'tl‘(t)] (C) — (\/;_W)n /n e—it.Ce—iCo-tx(t)dt
_ 1 o=t (C=Co)
- /]R ) (t) dt,
= Fz(t)] (€ —Co)-

Theorem 2.4 The multidimensional Fourier transform of the functions x(t) and y(t) in L? (R™) satisfies the fol-

lowing orthogonality relation

Proof. We have

|
:/Rn< (;r)n/Rne—iC.tm() )(\/?/ ey du)d(

ne—iC.tx() )(m/n ZCu )dC
ot W( (271r)" /R ) eif-(“—ﬂdg) dtdu

/

Iy
:/Rn/Rnx(t)m(cS(u—t))dtdu

/

—~
DN || =
3
S—
3
%\

8
<

Next, we show that the multidimensional inverse Fourier operator is the adjoint of the multidimensional Fourier

operator.

Theorem 2.5 Let z(t) and y(t) in L2 (R"), then
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Proof. We have

[z(t)] () y (€)dC

J
- [ (e Lo sam

1 —iCATTA
=/Rn:v(t>((m)n/ne <ty 0)dC ) dt
1

ety () dC> dt

N

3
5
~—~
-+
S~—"
-~
—~
§‘
3
SN—
3

n

Theorem 2.6 (Convolution) Let z(t) and y(t) in L% (R"), then
Fl@xy) ®)](0) = 2m)* Fle®)](Q) F y(®)] Q)
where x x y denotes the convolution of the functions x(t) and y(t) and is given by
o)W = [ altylu- ot

Proof. By applying definition of multidimensional Fourier transform to the convolution of the functions z(t) and

y(t), we obtain

Flle =) 010 = ¢ ﬂl_ﬁ)n [ e et
ity ([ o)<
_ (\/217)” /R ) /R a(wy(v)e O dvdu, where v = ¢ — u
_ (¢217)" /R ) /}R e w)y(v)e Y dvdu
() (i oot { e e
= (v2r)" Fle®) (O Fly(®) (©)
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Proof. Let s(t) = z(t)y(t), then

FIO10 = ¢ ﬂl_ﬂ)n /R ety
o ﬂl_ﬁ)n [ ) ( ( \/;_F)n [ e ds) eicts
= \/217)" /R G ( ( \/217),1 / ny(t)ei<<f>-tei~tdt> de
= o L FOTC -0
o ﬂl_w)m (0] () F (1)) ()
Theorem 2.8 (Linear transformation of the domain R") Let z(t) € L? (R"), then
FLa(A0)] €)= oy 7 (0] (A0

where A is a nonsingular n x n matriz and A~T denotes (AT)_1 = (A‘l)T .

Proof. If we denote y (t) = z(At), then

Flu®)](©) = —— 1 / (At

(Vor

with the change of variables s = At, the Jacobian is % = det (A), and using standard techniques for change of

variables in an integral, we obtain

= ! —iC-(A78) 1 (8) ds
0O = (o VT e (5)d

_ 1 —i(A7T¢)s S)ds
det (4)] (V2)" e e

1 T
= Mf[x(t)] (A7'¢)

where we use the identity a. (Cb) = (CTa) .b or equivalently a’.Cb = (CTa)T b.
Theorem 2.9 (Differentiation) Let x(t) € L2 (R"), then
F [Vex(t)] (¢) = iCF [z(8)] (C) -

-
Proof. We define the gradient vector y(t) = Viz(t) = [g—t’”l, g—t”;,..., g—fl] , taking the derivative of synthesis

equation for x to get the synthesis equation for y;

lt) = G0 = (e [ FOGeaC

Thus F [y;(t)] (¢) = i¢;F [z(t)] (¢) and in matrix form F [y (t)] (¢) = i¢F [z(t)] ().
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Theorem 2.10 (Differentiation in frequency) Let z(t) € L? (R"), then

F[tz(£)) (Q) = iV F [z(8)] (C) -
Proof. Let y(t) = tz(t), taking the derivative of analysis equation for = with respect to ¢;

oFla() . 1 e e
% O [t (it it
- — 1 (t)e Gt
- (m)"/  ilb)er e

= —iF [yi(t)] (€)
Thus F[y(t)] (€) = iV F [z(t)] (0)-
Theorem 2.11 (Complex conjugation) Let z(t) € L? (R"), then
F 0] () = FEOI0.

Proof. Let y(t) = x(t), then

Theorem 2.13 (Separability) Let z1(t1),...,z,(ts) € L% (R), then
Fler(t)wn(tn)] (Grs s Gu) = Flan(@0)] (G) - F [z (E0)] (Gn) -

Proof. This follow from the separability of the complex exponential

)e—i(<1t1+<2t2+'"+C"t")dt1 .dty,

\/%/R...\/%/Rxl(tl)...xn(tn

= ; T e~ it ; T e*iCntn
( = [ dtl) ( = [t dtn)
= Flz1(t)] (C1) - F [ (tn)] (Cn) -
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Theorem 2.14 (Parseval relation) Let x(t) and y(t) in L? (R™), then
[ syt = [ (#la0]©) (FLETO) d.
Proof. Let r(t) = y(t) and s(t) = z(t)r(t), then

Fls®)](¢) = / (F ()] () (Fr®)] (¢ =€) dE

~ [ Flat®)©) (FIOTC-9) de
Evaluating at { = 0,
Fis©)(0) = [ s@peis= [ (Flw]©) (FUE©)d.

If 2(t) = y(t), we obtain [, [2(t)|* dt = [,. [F [z(t)] ()] d¢.

3 Multidimensional windowed Fourier transform

One of the basic problems encountered in signal representations using conventional Fourier transform (FT) is the
ineffectiveness of the Fourier kernel to represent and compute location information. One method to overcome such a
problem is the windowed Fourier transform (WFT). Moreover, in practice, most natural signals are non-stationary.
In order to characterize a non-stationary signal properly, the windowed Fourier transform (WFT) is commonly used.

in this section, we introduce the multidimensional windowed Fourier transform.

Definition 2 Let ¥ be a given multidimensional window function in 1.2 (R™), then the multidimensional window

Fourier transform (MWFET) of any function x(t) € L? (R") is defined and denoted as
1 . [
Vy [z(t)] (b, ¢ :*n/ e 1t ()T (t — b)dt, b, eR™. 3.1
)00 = (o [ TED) (5.1)

Further, the WFT (3.1) can be rewritten as

Vo [2(6)] (b,¢) = F [#(6)¥ (¢~ b)| (3.2)
Applying inverse FT (2.2), (3.2) yields
z(t)¥ (t —b) = F 1 Vg [2(t)] (b, ()] (3.3)
1

= ei(.t v |T
= g L Bl 0.0 ac

Multiplying (3.3) both sides by ¥ (t — b) and then integrating with respect to db, we get

<(0) 1917 = ¢ o [ v lae) (b,¢) w (e~ b) dcab.
Equivalently, we have
z(t) = b elct T — . .
O VT [ v o] (.0 w (¢~ by dead (3.4)

equation (3.4) gives the inversion formula corresponding to MWEFT (3.1).
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Theorem 3.1 For any two functions x(t) and y(t) in L? (R™), we have following

i) Linearity
Vo [Az(t) + py(t)] (b, €) = Ay [2(t)] (b, ¢) + pVu [y(t)] (b, ()

ii) Orthogonality

(Vo [2(t)] (b, C), Va [y(t)] (b, 0)) = [1Z]]* 2 (t), y(t))

Proof. For ii), by definition (2), we have

(Va [z(t)] (b, C), Va [y()] (b, () =/ Va [2(6)] (b, Q) Vu [y(t)] (b, ¢)dCdb

/n/nv‘ﬂ b, () ((\/217) /neiC'ty(t)mdt>dgdb

:/n /n ((\/217)” /Rn eV [(t)] (b, ¢)d >_) (t — b) dtdb.

By virtue of Equation (3.3), we have
Y la®)] (6,0) Vo [o(®)] (0.0 = [ [ 20T &= DY (¢~ b)y (Ot

_/ 2(t)y ()dt/ Tt —Db)¥ (t — b)db
= |0|* (2(t), y(t)) .

Next, we introduce the multidimensional fractional Fourier transform as a generalization of the classical multidi-

mensional Fourier transform.

4 Multidimensional fractional Fourier transform

The fractional Fourier transform was introduced by Namias (1980) and a rigorous mathematical framework of the

properties of fractional Fourier transform the Schwartz space of rapidly decreasing functions was given by McBride

and Kerr (1987). Let us define multidimensional fractional Fourier transform.

Definition 3 Let z(t) be a signal in L2 (R™).The multidimensional fractional Fourier transform with order a =

(a1, a9, ...y ) € (=, ) on LY (R™) of x(t) is defined by

RTL
where K, (t,¢) = H o; (8,G) and Ko, (¢,G;) the kernel of the FRFT and is given by
i=1
z{a(a )[t2+C2—2b o)t Cl]} for a; 7& k,

tz_Ci) for o = 2k,
ti+¢) fora, =2k ) keZ

Olz ( 17<Z) -
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where a (a;) = cota;/2,b(a;) = secay,c(a;) = /T —1icota;, and the corresponding inversion formula is also a
MFRFT is given by
2(t) = Fa{Fa[z®] (O} (1) = [ Falz(t)] () K_a(t,{)dC. (4.2)

R'n.
It is easy to see that, when «; = 0,7/2,7 and and 37 /2 for i = 1,...,n, the MFRFT is reduced to the identity
operation, the MFT, time-reverse operation, and the MIFT, respectively. For each A € R\ {0}, we define

an (t) = e Xiz a(e)t? g € R™

It is easy to observe that e, _» (t) = e_q » (t) and the multidimensional fractional Fourier transform of z (t) (4.1)

can be rewritten as

Folz(t)] (¢) = c(a) ea1 (¢) F (eanx) (C1escaq, ..., ( cscay) , (4.3)

where ¢(a) = c(aq) ....c(a,) and F (eq,12) is the Fourier transform of e, ;2. Using this notation, we can rewrite

cle i > 1 tiCicscay
K, (ta C) = (—)nea,l (t) €a,1 (C) e_lzi=1 tiCi i

(v2r)

From (4.3), it is clear that 7, [z(t)] (¢) € Cp (R™) for all z(t) € L? (R").
Next, we highlight some properties of MFRFT.

Theorem 4.1 Let x(t), y(t) in L2 (R") and k,o € R™, then the MFRFT satisfies the following orthogonality

Relation:

Proof. We have
(Falz(t)], Fa ly(t)]) = | T 2(t)] () F y(O)] (©)dC
:// . Ko (t,Q) @ (t) Ka (5,0 y (s) dsdtdC
:/n/n“‘(t)@< Ko (t,C)mdg) dsdt

:/n/nx(t)ma(t—s)dsdt
x (t

- [ e
R”
= (2(t),y(t)) -

In the following, we introduce multidimensional linear canonical transform, which is a generalized version of the
classical Fourier transform with four parameters.
5 Multidimensional linear canonical transform

The linear canonical transform (LCT) introduced by Moshinsky and Quesne (1971) have proved useful and appro-

priate for investigating deep problems in science and engineering (Bhat 2023). It encompasses several well known

10
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signal processing transforms as special cases including the Fourier transform, the fractional Fourier transform, the
Fresnel transform, and even simple multiplication by quadratic phase factors (Healy et al. 2016). Despite enormous
lucubrations in the theory of linear canonical transforms, the multidimensional LCT involving a general 2n x 2n
real, symplectic matrix M with n(2n 4 1) independent parameters is yet to be explored exclusively. We shall define

multidimensional linear canonical transform (MLCT).

Definition 4 For any 2n x 2n real, symplectic matrix Moy o, = g B , the multidimensional linear canonical
transform for any x (t) € L2 (R™) is defined by
Larle ©)(O) = [ 2(0)Kar (6.0 dt (5.1
where Ky (t,C) is the kernel and is given by
Kt (6,¢) = Q (B, n) exp {z (CTDB_lc_QCTg_Tt Tt BT AY } . det|B|#£0 (5.2)

where Q(B,n) = m.

For a given real, symplectic matrix M, the multidimensional linear canonical transform kernel (5.2) satisfies the

following properties:

i ’CM_1 (Cat) = ’CM (t7<)7
i) [on Kar (8,¢) Ky (w,t) dt =6 (w — Q).

The inversion formula associated with the multidimensional LCT is given by
f(&) = Lo {Ly [z ()] (O} (£) = | Lu [z (£)] (€) Kar (8, ¢)dC.
For typographical convenience we write the 2n x 2n matrix M = (A4, B : C, D). the LCT boils down to various

integral transforms such as:

i) When the sub-matrices of the real, symplectic matrix M = (A, B : C, D) are chosen as A = diag (a11, ..., Gnn) , B =
(011, ey bun) , C = diag (c11y-eyCnn) and , D = (d11,...,dpy), the multidimensional LCT (5.1) yields the n-

dimensional separable linear canonical transform:

(disC?—2Giti+aqt?)
72 /Rnx(t)exp {z 5. dt.

Larla () = ————
(2m)" ‘Hizlbu‘

ii) For the symplectic matrix M = (I, cos @, I, sinf, —I,, sin 6, I, cos ) , the multidimensional LCT (5.1) yields the

n-dimensional non-separable fractional Fourier transform:

1 i (CTC + tTt> cotf
Fle)€)= o [ s ®eo ; i Ttese .

11
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iii) In the case the sub-matrices the real, sympletic matrix M = (A4, B : C, D) are chosen as A = D = diag (cos 6y, ...,cos6,) ,

B = —C = (sinby,...,,sinf,), the multidimensional LCT (5.1) yields the n-dimensional separable fractional

(2442 cot 6
7 /Rnx(t) exp {’LZ (W — (it csc@i> } dt.

i=1

Fourier transform:

FO0) [ (£))(C) = :
(2m)"/? \Hizl sin 6;

iv) For the matrix M = (I, B : 0,1,,), the multidimensional LCT (5.1) reduces to the n-dimensional non-separable

Fresnel transform:

Far e (0] (0) = 1 /n o6 exp {Z ((TB-1¢—2TB-Tt+t7B~t) } i

(2m)"/? |det B|'/? 2

v) Choosing the sub-matrices as A = D = I,,, B = diag (b11, ..., bun) , C = 0 the multidimensional LCT (5.1) reduces

to the n-dimensional non-separable Fresnel transform:

- 7 —2Cti+t7
7 /Hx(t)exp {Zz (W) } dt.

i=1

Fbarosbmn) 2 ()] (€)

1
(2w)n/2‘Hi:1b”

vi) When M = (0,1, : —I,,0), the multidimensional LCT (5.1) reduces to the classical n-dimensional Fourier

transform:

x :71 T et
Fle@)©= s [ @t

Here, we shall digress a bit to gain an intuition regarding the computational complexity of the multi-dimensional
linear canonical transform defined in (5.1). For any z (t) € L? (R"), the multi-dimensional LCT with respect to a

real, symplectic matrix M = (A4, B : C, D) can be expressed as

7 = ! ex ZCTDL1< 7 (t) ex M e—i(B’IC)Tt
L (t)}(C)_(27r)"/2|detB|l/2 p{ 5 }/n (t) p{ 5 } dt (5.3)

1 CTDB Y .
@n)"|det B2 {Z 2 }ﬂg(t)] (570

i(t"B71A
where g(t) = z(t) exp {Z(t 5 t)

Thus, it is clear from (5.3), that multidimensional LCT can be regarded as a chirp-Fourier-chirp transformation.
Therefore, the computational complexity of the multi-dimensional linear canonical transform is determined by that
of the traditional Fourier transform. As such, the conventional fast Fourier transform can be employed for executing
a speedy computation of the multi-dimensional linear canonical transform.

Next, we investigate some basic properties associated with LCT.
Theorem 5.1 Let z(t),y(t) € L? (R") and k,(y € R", then the MLCT satisfies following properties:

1. Parity:
L [a(=t)] (¢) = Las [2(£)] (=C) -

12
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2. Orthogonality Relation:
(Lar [x(t)], Lar [y(b)]) = (2(t), y(t)) .

Proof. To be specific, we shall only prove the parity property, the rest of the propertie follows similarly. For any
k € R", we have

L [z (—t)] (¢) = . Kar (t,¢) z (—t) dt
- (2m)"/? |1iet B[ /R z (t) exp {Z (CTDB_IGQCTI;_H +e 57 } dt
= L [z(t)] (=¢) -

6 Multidimensional quadratic-phase Fourier transform

The most neoteric generalization of the classical Fourier transform (FT) with five real parameters appeared via
the theory of reproducing kernels is known as the quadratic-phase Fourier transform (QPFT). It treats both the
stationary and nonstationary signals in a simple and insightful way that are involved in radar, signal processing, and
other communication systems (see Bhat 2023 and references therein). Here, we gave the notation and definition of
the quadratic-phase Fourier transform and study some of its properties.

In this section we introduce the definition of the multidimensional quadratic-phase Fourier transform which is a

generalization of the classical quadratic-phase Fourier transform.

Definition 5 For a real parameter set A = (a,b,c,d,e) with b # 0, the multidimensional quadratic-phase Fourier
transform of any signal z (t) € L2 (R") is defined as

Qalz ()] (€)= [ Ka(t,¢)z(t)dt, (6.1)

R~

where K, (t,() = HK%. (t:,¢;) and K, (t;,¢;) the kernel of the quadratic-phase Fourier transform and is given

i=1
(QFFT) and is given by

Ko, (t,G) = \/% exp {—i (at? +bt; G+l +dti+e(;) (6.2)

and corresponding inversion formula is given by
z(t) = Qy' (Qalz (£)] (¢) (t) = - K (t,0)@x [z (t)] (¢) dC.

By appropriately choosing parameters in A = (a, b, ¢, d, e) , definition (5) allows us to make the following comments

regarding the notion of multidimensional quadratic-phase Fourier transform:

i) Choosing the parametric set A = (0,1,0,0,0), the MQPFT (6.1) boils down to the classical multidimensional

Fourier transform (FT):
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ii) When A = (—cot8;/2,csch;, —cot6;/2,0,0),i = 1,...,n then, multiplying (6.1) with v/1 —icotf;,i = 1,...,n

yields the multidimensional fractional Fourier transform
Qa [z (£)] (€) = Fo [z(t)] (¢) -

iii) When A = (=&, %, —%.,0,0), and then multiplying (6.1) with 1/v/3b the MQPFT (6.1) becomes the MICT:

-£,
Qalz (£)] (€) = La [z (£)] (¢)-
Now, we will establish some properties of the multidimensional quadratic-phase Fourier transform.

Theorem 6.1 Let z(t),y(t) € L2 (R") and k,(y € R", then the MQPFT satisfies following properties:

1. Linearity:
Qa oz (t) + By (t)] (C) = aQa [z(t)] (¢) + BQA [y(t)] -

2. Parity:
Qa [z(=1)] (€) = Qur [z(t)] (=(),
where ' = (a,b, ¢, —d, —e)

3. Conjugation:

where —A = (—a, —b, —c,—d, —e)

4. Orthogonality Relation: .
(@ [z(®)], Qur [y(®)]) = 3 (2(t), y(t)) .

Proof. For the sake of brevity, we avoid proof.

7 Conclusion

In this paper a dynamically analysis was conducted to investigate possible extension of one dimensional transform
to a generalized multidimensional one. The proposed tools, namely Fourier transform and multidimensional scaling,
proved to be assertive methods to analyze such transform, the first is to generalize the dynamics and the second for
revealing the clusters. In future, this approach should be applied for other transforms characteristics like the wavelets
and/or Laplace. In this perspective, the replicated multidimensional technique can be used to analyze the spatial data
or spatiotemporal economics. So, we have proposed the generalized multidimentional Fourier frequency inherently,
associated with multidimensional Fourier transform. Therfore, we are able to provide physical meaning of so called
negative frequencies in multidimensional Fourier transform (M — F'T), which in turn provide multidimensional spatial
and spatio-temporal data analysis. The complex exponential representation of sinusoidal function always yields two
frequencies, negative frequency corresponding to positive frequency and vice versa, in the multidimensional Fourier
spectrum. Thus, using the M — F'T', we propose multidimensional transform and associated multidimensional analytic

signal (M — S) with following properties: (a) the extra and redundant positive, negative, or both frequencies,
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introduced due to complex exponential representation of multidimensional Fourier spectrum, are suppressed, (b) real

part of M — S is original signal, (c) real and imaginary part of M — S are orthogonal, and (d) the magnitude envelope

of an original signal is obtained as the magnitude of its associated M — S, which is the instantaneous amplitude of

the M — S. The proposed M — T and associated M — S are generalization respectively.

Appendix

A summary table of some properties of Multidimensional Fourier transform

Domain (non-periodic)

Continuous-domain

Discrete-domain (A)

Name of the transform

Continuous-domain Fourier transform

Discrete-domain Fourier transform

Signals and domains

2(t) — Fla (b)) (() = Z(t),

a(t) — Flz (t)] (¢) = 2(t),

t,k,(, (o € R” t,keA (,(; eR”
Periodicity none Ft)(C+)=Flz®)](C),f€A
Period none t,Px, |[Pxl = 1/d(A)
Analysis Flz@)] () = W Jrn ety (t)dt | F(z[t]) () = D tea e~ 2mCty [t]
Synthesis v )= (g S @ FEOIQdC | 6= ) f CF ) (e
Linearity F[Ax(t) + By(t)] () = AZ(t) + By(t) | F[Az[t] + By[ I1(¢) = Az(t) + By(t)
Translation Flz(t — k)] (¢) = e kC2(t) F(z[t —Xk]) (¢) = e?™kC3(t)
Modulation F e ta(t)] (¢) = Flz(®)] (€ — Co) F (ePmota [t]) () = F (x[t]) (¢ — Co)
Convolution F [z xy) (6)] () = (2m) > z(t)y(t) F () [t]) (O) = Z(t)y(t)
Multiplication Flz@®)y(t)] (¢) = (\/zlfﬂ)nf(t) *Y(t) Flz[t]y(t)] (¢) = d(A) Z(t) xy(t)
Automorphism of domain | F [z(At)] (¢) = |det1( 7 [z(t)] (A7T¢Q) | Fla(Av)](¢) = F(z[t]) (A~T¢)
Orthogonality (Flz®)], Fly®))) = (x(t), y(t)) (F(z[t]), F (y[t]) = ((t),y(t))
Differentiation F [Vix(t)] (¢) = i¢F [z(t)] (€) N/A
Differentiation in frequency | F [tz(t)] (¢) = iV F [z(t)] (¢) F (b [t]) (O) = mym VeI (2 [t]) ()
Complex conjugation Flat)] (¢) = Fz(t)] (=C) F (TH (€)= F (= [t]) (=C)
Parseval Jor 20U = [y @) (50)) dC | Seen2Oy®)dt =d () [ @()) (50)) dc
Duality Fle®)] Q) ==2(=9) F(z(t) (] =d(T)z(=()
Properties of Multidimensional Fourier transform
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